A simple method for calculating the asymptotic D state observables for light nuclei is suggested. The method exploits the dominant clusters of the light nuclei.
I. INTRODUCTION
D state. The α particle or relevant notations for our future development of the D state. In Sec. IV the analytic model for the D state of 4 He is presented. Section V deals with the numerical investigation of our model. Finally, in Sec. VI brief summary and discussion are presented.
II. THE MODEL
As the exact dynamical studies of the D state for the light nuclear systems employing the connected kernel Faddeev-Yakubovskii equations are usually performed in the momentum space, we present our model in the momentum space in terms of the Green functions or propagators.
Figures 1 and 2 represent a coupled set of dynamical equations between clusters valid for 2 H and 3 H, respectively. In the case of the deuteron the dashed line denotes the exchanged meson. In the case of the triton the exchanged particle is a nucleon and the double line denotes a deuteron. In both cases a single line denotes a nucleon. In the case of the deuteron these equations are essentially the homogeneous version of the momentum space
Lippmann-Schwinger equations for the nucleon-nucleon system, which couples the S and the D states of the deuteron. Explicitly, these equations are written as
where g l = V |φ l (l = 0, 2) represent the relevant form factors for the two states denoted by the two-body bound state wavefunction φ l , G 0 is the free Green function for propagation, and V 's are the relevant potential elements between the S and the D states. Figure 1(b) gives the two ways of forming the D state at infinity: (a) in the first term on the righthand side (rhs), the deuteron breaks up first into two nucleons in the S state which gets changed to two nucleons in the D state via the one-pion-exchange nucleon-nucleon tensor force, (b) in the second term on the rhs, the deuteron breaks up first into two nucleons in the D state which continues the same under the action of the central one-pion-exchange nucleon-nucleon interaction. As the D state of the deuteron could be considered to be a perturbative correction on the S state, in Fig. 1 (b) the first term on the rhs is supposed to dominate, with the second term providing small correction. Hence, the essential mechanism for the formation of the D state in this case is given by the following equation
Given a reasonable g 0 and the tensor interaction V 20 , Eq. (4) could be utilized for studying various properties of the D state. This equation should determine the asymptotic D to S ratio of deuteron η d provided that the model has the correct deuteron binding B d and the one-pion-exchange tail of the tensor nucleon-nucleon interaction.
In the momentum space representation of Eq. (4), at the bound state energy, g's have the following structure
with µ = √ 2m R B d , m R being the reduced mass and C d l the deuteron ANP's for the state of angular momentum l. The off-diagonal tensor potential V 20 is proportional to g 2 πN , where g πN is the pion-nucleon coupling constant. From Eqs. (4) and (5), at the bound state energy one has
where Int represents a definite integral determined by the deuteron binding B d . Hence η d is mainly determined by the deuteron binding energy and the pion-nucleon coupling constant [7] .
This idea could be readily generalized to more complex situations. In the case of the triton D-state, Fig. 2 and Eqs. (2) and (3) are valid. The form-factors g l are to be interpreted as the triton-nucleon-deuteron form factors, the Green function G 0 represents the free propagation of the nucleon-deuteron system, and the potentials V 02 and V 20 are the Born approximation to the rearrangement nucleon-deuteron elastic sacttering amplitudes representing the transition between the relative S and D angular momentum states of the nucleon-deuteron system. For example, for nucleon-nucleon separable tensor potential, V 02 corresponds to the inhomogeneous term of the Amado model [10] for nucleon-deuteron scattering for the transition between S and D states of the nucleon-deuteron system. The essential mechanism for the formation of the D-state is again given by Eq. (4). Now in the momentum space representation of Eq. (4), at the bound state energy, g's have essentially the structure given by
where C t l is the ANP of the triton for the angular momentum state l. In Eq. (4), V 02 connects a relative nucleon-deuteron S state to a nucleon-deuteron D state in different subclusters via a nucleon exchange. Hence the amplitude V 02 involves two form-factors, one for the deuteron S state and the other for the deuteron D state. Consequently, at the triton pole the momentum space version of Eq. (4) has the following form:
where Fig. 3 . We have two equations of the type shown in Fig. 3 , one for the S state and the other for the D state. In Fig. 3 the contribution of the last term on the rhs is expected to be small. The virtual breakup of 4 He first to two deuterons and their eventual breakup to four nucleons to form the four-nucleon-exchange deuteron-deuteron amplitude as in this term is much less probable at negative energies than the virtual breakup of 4 He to a nucleon and a trinucleon and its eventual transformation to the deuteron-deuteron cluster as in the first term on the right-hand side of this equation.
For this reason we shall neglect the last term of Fig. 3 in the present treatment. As in the three-nucleon case the amplitudes in Fig. 3 are the Born approximations to rearrangement amplitudes between diffenent subclusters, which connect different angular momentum states, e.g., S and D.
We notice that in the first term of Fig. 3 either of the vertices has to be a D state so that the passage from S to D state is allowed in this diagram. Consequently, at the pole of the 4 He bound state the momentum space version of Fig. 3 has two contributions corresponding to the deuteron (triton) vertex on the right hand side being the S-state and the triton (deuteron) vertex being the D-state so that we may write,
where Int 1 and Int 2 are two definite integrals. The 4 He asymptotic D-state to S-state ratio ρ α is defined by
It is clear that, unlike in the case of triton, ρ α is determined by two independent terms.
Physically, it means that there are two mechanisms that construct the D state ANP of 4 He.
Now recalling the empirical relation
where ξ S is determined by the S-state asymptotic normalizations C 
III. DEFINITIONS AND NOTATIONS
In this Section we present notations and definitions which we shall use for future development. The asymptotic wavefunction for a two-body bound state, φ l , (binding energy B)
in a potential V is given by
where l is the relative orbital angular momentum, j is the total final spin of the system (the intrinsic spin of the system is not shown) and |qlj is the momentum space wave function.
The asymptotic normalization parameter C jl for this state is defined by
Here N represents the number of ways a particular asymptotic configuration can be constructed from its constituents in the same channel. For example, in the channel, From Eqs. (12) and (13), we obtain
As the partial wave t matrix may be expressed as
the parameter C jl is related to the residue at the t-matrix pole by
With this definition, in the limit of µ → 0,
For the two-particle bound state, the vertex function g(q) for a definite angular momentum l (and j) can be written as
where the kinematical factor which takes into account the centrifugal barrier has been explicitly shown. The functionĝ(q 2 ) essentially provides the momentum dependence of the vertex function. In the present qualitative study we setĝ(q 2 ) = 1 so that we have
In Eq. (18) apart from a kinematical factor that takes into account the centrifugal barrier, the form factor is assumed to be independent of the relative momentum of the two components forming the bound state, consistent with the minimal three body model [1] . In particular, the form factors for the formation of 4 He from nucleon(N)−triton(t) channel and from two deuterons(dd) are respectively,
and
with
where B α and B d are the binding energies of 4 He and 2 H respectively and we assumē h = m nucleon = 1.
For the case where angular momentum states S and D states are mixed, the probability amplitude for a given l-value is proportional to the corresponding spherical harmonic Y lm l (q).
Defining the spin-angular momentum functions Y sljm (q) as
where ψ s is the spin state of the system, ⊗ denotes angular momentum coupling, the vertex functions in the minimal model for t → Nd and d → NN vertices take the form
Here C d S and C t S are the asymptotic normalization parameters for the S state of the deuteron and triton respectively, whereas η d and η t are the ratios of corresponding D-state ANP's with the S-state ANP's. The relative momentum of the nucleon with respect to the deuteron is p 1 , whereas the relative momentum of the two nucleon system is p 3 .
IV. D-STATE PARAMETERS OF 4 HE
Having defined the relevant vertex functions, we can write down the equation for constructing the S and D states of 4 He in the 4 He → 2 2 H channel. The first line of Fig. 3 represents diagrammatically the present model for the formation of the asymptotic S and D states of 4 He. Using the notation of previous Sec. the explicit partial wave form of the present model could be written down as:
where
is the relative momentum between the the exchanged nucleon 2 and the structureless deutron 3,
) is the relative momentum between the spectator nucleon 1 and nucleon 2, q 1 is the momentum carried by nucleon 1 and q 3 is the momentum carried by the structureless deutron of momentum q 3 . The indices 1, 2 refer to the spectator nucleon, the exchanged nucleon, and 3 refers to the structureless deuteron. Here l 3 is the angular momentum state of (23) and (24) . For example,
where −1 represents the propagation of the two-particle triton-nucleon state at a four particle energy E = −B α , the energy for propagation of the two-particle triton- gives the spin-angular momentum coupling of nuclons 1 and 2 to form the deuteron of momentum −q 3 and its coupling to the structureless deuteron 3 to give the final zero total angular momentum of 4 He. Finally, there is summation over the internal angular momenta L 1 and L 3 , and integrations over the internal loop momentum q 1 and angles of q 3 .
Substituting the values of vertex functions and rearranging Eq. (25), we obtain the
(27) such that at the 4 He pole it gives the asymptotic normalization parameters of 4 He:
In Eq. (27)
The values of l 3 = 0, 2 yield the S and D state of 4 He respectively. For evaluating the integral I, we expand the energy propagator in terms of spherical harmonics as below,
By using the angular momentum algebra techniques [22] , the intrinsic spin dependence of the integrand and the part containing the spherical harmonics in Eq. (27) are easily separated out and evaluated independent of each other. Next the same procedure is adopted to separate the q 1 and q 3 dependent parts of the integrand. After integrating over angles we get the following result for Λ
Here U(j 1 j 2 j 3 j 4 ; JK) ≡ (2J + 1)(2K + 1)W (j 1 j 2 j 3 j 4 ; JK) are renormalized 6j symbols.
As L 1 = 0 or 2 and L 3 = 0 or 2, the left hand side of the above equation contains four terms. We retain the three terms linear in D-state and neglect the term containing a product of η d and η t . [In the limit q 3 → iµ, analytic expressions are easily obtained for
.] The asymptotic D state to S state ratio for 4 He is defined by
After substituting numerical values of various angular momentum coupling coefficients for allowed values of angular momenta in Eq. (31), we evaluate ρ α as,
Similarly, the D α 2 parameter of 4 He is defined as
The integrals appearing in Eq. (34), are preformed analytically for q 3 → 0 and the result
Equations (33) and (35) are the principal results of the present study.
V. NUMERICAL RESULTS
The numerical results for the D state parameters of 4 He based on Eqs. (33) and (35) are expected to be more reasonable than that for 3 H of Ref.
[1] because of three reasons.
Firstly, the approximate analytical treatment of Ref. [1] employing the diagramatic equation
of Fig. 2 for 3 H is more approximate than the present treatment employing Fig. 3 with results of theoretical calculation of Ref. [20] . As the values of the binding energies are crucial [1, 2] for a correct specification of the D state parameters we decided to consider these binding energies obtained in Ref. [20] . For example, B t = 8.15 MeV is the mean of But the large change of D α 2 in Ref. [20] from one case to the other is in contradiction with the present study. The first row of Table 1 is the result of our calculation for ρ α and D α 2 consistent with the correct experimental B t and B α and using η d = 0.027, η t /η d = 1.68:
In Ref. [24] it has been estimated that
2 ) ≃ 0.9 in agreement to the present finding. Next we would like to compare the present result with other ('experimental') evaluations of these asymptotic parameters. Santos et al. [14] evaluated ρ α from an analysis of tensor analyzing powers for (d, α) reactions on S and Ar. They employed a simple one step transfer mechanism, plane-wave scattering states, zero-range or asymptotic bound states. Keeping only the dominant angular momentum states for the transferred deuteron they predicted
In another study Santos et al. [15] considered the tensor analyzing power of reaction In the usual optical potential study of the D state of 4 He as in Ref. [24] the dependence of ρ α on η t is always neglected. This dependence will be explicit in a microscopic four-particle treatment of 4 He. Such microscopic calculations are welcome in the future for establishing the conclusions of the present study.
VI. SUMMARY
We have calculated in a simple model the asymptotic D state parameters for 4 He. The present investigation generalizes the consideration of universality as presented in Refs. [1] and [2] for the trinucleon system. The universal trend of the theoretical calculations on the trinucleon system and the consequent correlations are generalized here to the case of the 
